A continuous wavelet analysis is performed for pattern recognition of the pseudorapidity density profile of singly charged particles produced in 16 O+Ag/Br and 32 S+Ag/Br interactions, each at an incident energy of 200 GeV per nucleon in the laboratory system. The experiments are compared with a model prediction based on the ultra-relativistic quantum molecular dynamics (UrQMD). To eliminate the contribution coming from known source(s) of particle cluster formation like Bose-Einstein correlation (BEC), the UrQMD output is modified by "an algorithm that mimics the BEC as an after burner." We observe that for both interactions particle clusters are found at same pseudorapidity locations at all scales. However, the cluster locations in the 16 O+Ag/Br interaction are different from those found in the 32 S+Ag/Br interaction. Significant differences between experiments and simulations are revealed in the wavelet pseudorapidity spectra that can be interpreted as the preferred pseudorapidity values and/or scales of the pseudorapidity interval at which clusters of particles are formed. The observed discrepancy between experiment and corresponding simulation should therefore be interpreted in terms of some kind of nontrivial dynamics of multiparticle production.
Introduction
The wavelet analysis method has in the recent past attracted much attention, particularly in signal processing, image analysis, communication systems, fractals and also in several other branches of physics. For a review one can see Refs. 1 and 2. Unlike the Fourier analysis method, where a signal is expanded in terms of a set of trigonometric polynomials, the wavelet analysis expands functions in terms of wavelets, which are generated by dilating and translating a given function called the mother wavelet. Wavelets are capable of processing signals locally at different scales or resolutions. Singularities (large fluctuations) can be located through wavelet decomposition where the wavelet coefficients are large. At lower (higher) resolution wavelet algorithm returns gross (finer) pictures of the signal under scrutiny. Initially the wavelet technique was used in high-energy nuclear collisions to study (multi)fractality in the phase space structure of particle density function. 3, 4 The pseudorapidity density fluctuation observed in high multiplicity JACEE events has also been analyzed in terms of wavelet multifractal technique. 5 Dremin et al. 6 employed the continuous wavelet transform method to look into the pattern formed by the emitted particles in the target azimuth of high-energy heavyion collisions. Also there exist some reports where wavelets have been employed to study particle correlations.
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The prime objective of studying high-energy nucleus-nucleus (AB) collisions is to investigate the properties of matter contained in the overlapping region of the colliding nuclei, an intermediate "fireball". From lattice Quantum Chromodynamics (QCD) it is found that, if an energy density of the order of a few GeV/fm 3 is achieved in an AB collision, a color deconfined extended QCD state, such as the quark-gluon plasma (QGP) can be created. 10 A QGP-like state, if it is at all created, is expected to pass through different stages of evolution like, thermal and chemical equilibrium, chemical and kinetic freeze out, and a QGP to hadron reverse phase transition. All these should happen within a very short interval of time, typically 10 2 fm/c. Generally instead of over the entire phase space region that is available kinematically, large densities of particles are observed locally within narrow regions of phase space. Such fluctuations cannot be described entirely in terms of statistical uncertainties, i.e., noise. 11, 12 Though it should be kept in mind that wide fluctuations resulting in rapidly fluctuating particle densities, may not necessarily always result from a phase transition. The most dominant nontrivial factor behind particle cluster formation is the correlation among them, which may result due to kinematic reasons, due to resonance and jet formation, and due to the exchange symmetry among the underlying identical bosonic fields, popularly known as the Bose-Einstein Correlation (BEC). 13, 14 There might as well be some other nontrivial dynamics behind formation of such large local clusters, like building up of a parton shower cascade, 15 formation of disoriented chiral condensate, 16 collective behavior of partonic/hadronic matter, a details of which can be found in Ref. [17] [18] [19] . However, the proposed mechanisms are mostly speculative in nature, and no single mechanism can completely account for the experimental observations.
In this paper, we report some results on wavelet analysis of singly charged particles produced in 16 O+Ag/Br and 32 S+Ag/Br interactions at an incident energy E lab = 200 GeV per nucleon in the laboratory frame of reference. While in both cases the projectile energy per nucleon is same, the collision system sizes are different. Due to a higher probability of rescattering among participating nucleons, in 32 S-induced interaction the intermediate "fireball" is more likely to be thermalized.
Therefore, a comparative study of this kind of datasets should help us to understand the interaction dynamics. In order to quantify the noise level present in the data, we simulate the interactions by using the ultra-relativistic quantum molecular dynamics (UrQMD) model. 20, 21 The BEC is implemented into the UrQMD output as an "after burner". 22 Thus, a systematic comparison between the experiment(s) and the simulation(s) should indicate the influence of dynamical component of fluctuation, if any, present in the data that is beyond the BEC type. We have seen that the inclusion of a charge reassignment algorithm in the UrQMD output, as prescribed in Ref. 22 , indeed improves the two-dimensional intermittency results than those obtained from a simple UrQMD simulation. 23 The BEC, known to be one of the most dominating factors that controls the intermittency, is therefore mimicked by this algorithm at least to some extent. The paper is arranged as follows: in Sec. 2 we briefly discuss the experiment, the simulation details are given in Sec 3, the methodology of analysis is outlined in Sec. 4, the results are presented in Sec. 5, and finally the paper is concluded in Sec. 6
Experiment
The data used in the present analysis were obtained from the stacks of Ilford G5 nuclear photo-emulsion plates of size 18 cm × 7 cm × 600 µm, that were horizontally irradiated by 16 O and 32 S beams both at E lab = 200 GeV per nucleon at the super-proton synchrotron of CERN. To obtain a sample of minimum bias events, Leitz microscopes with a total magnification of 300× were used for along the beam track scanning. The angle measurement, categorization and counting of tracks were performed by using Koristka microscopes with a magnification of 1500×. To reduce loss of tracks and to minimize the errors in angle measurement, events were so chosen that they do not occur within 20 µm thickness from either the top or the bottom surface of the plates. Proper care was taken to discard the interactions induced by secondary tracks. In emulsion terminology the particles emitted from a collision, also called an event, are classified into four categories. The black tracks are formed by the target evaporated heavy fragments having velocity β < 0.3 and ionization I > 10I 0 , where I 0 is the minimum ionization that is due to a singly charged particle within the emulsion plate. The maximum range of black tracks are found to be 3 mm and the maximum energy 30 MeV. The gray tracks are produced by fast target recoil protons which participate in an interaction, have a velocity range 0.3 ≤ β ≤ 0.7, energy up to 400 MeV, and range greater than 3 mm. A small proportion of the gray tracks might be due to the slowly moving mesons. The shower tracks are produced by singly charged mesons having velocity β > 0.7 and ionization I ≤ 1.4I 0 , their number in an event being denoted by n s . A fraction of shower tracks may also be formed by very high-velocity protons that are confined mostly in the very forward direction with respect to the beam direction. The projectile fragments are the spectator parts of the incoming projectile nucleus and possess almost same longitudinal momentum per nucleon as the projectile nucleus. They exhibit a uniform ionization over a very long range, and are confined within an extremely small emission angle with respect to the beam direction. This angle is determined by the Fermi momenta of the nucleons belonging to the projectile nucleus.
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For this analysis we considered only those events which have no projectile fragments with charge Z ≥ 2. It means that the projectile nuclei have been completely fragmented during the collision. To ensure that the target is either an Ag or a Br nucleus we impose a cut on the total number of heavy fragments (n h ), combined number of black and gray tracks in a collision, as n h > 8. Only shower tracks, essentially the charged mesons, are retained for this analysis, and to avoid contamination likely to arise from fast protons, the shower tracks falling within the Fermi cone have been excluded from the scope of analysis. The statistics is N ev = 280 with an average shower track multiplicity n s = 119.26 ± 3.59 for the 16 O+Ag/Br sample, whereas N ev = 200 and n s = 217.79 ± 6.16 for the 32 S+Ag/Br sample.
From the measured values of the angle of emission θ of tracks with respect to the projectile direction, the pseudorapidity variable of each particle is determined as 
Simulation
As mentioned, the UrQMD model is used to simulate the experiments. UrQMD is a microscopic transport theory based on the covariant propagation of all hadrons along their classical trajectories in combination with stochastic binary scatterings, color string formation, and resonance decay. In the mathematical framework of this model a set of relativistic Boltzmann equations has to be solved for the hadrons in the final stage of the collision. The Fermi gas model is used to describe the colliding nuclei, the initial momentum of each nucleon being distributed at random between zero and the local Thomas-Fermi momentum. Each nucleon is described by a Gaussian shaped density distribution, and the wave function for each nucleus is taken as a product of single nucleon Gaussian functions without invoking the Slater determinant that is necessary for anti-symmetrization. Like other transport models, it is assumed that a hadron-hadron interaction would occur if the impact parameter b satisfies the criterion: b < σ tot /π, where the total cross-section σ tot is dependent on isospin. Also the total cross-section depends on the flavors of the interacting hadrons and the nucleon-nucleon center of mass energy involved ( √ s NN ). At low and intermediate energies, typically at √ s NN < 5 GeV, the phenomenology of hadronic physics is described in terms of interactions between known hadrons and their resonances, whereas at energies beyond √ s NN = 5 GeV the excitation of color strings and their subsequent fragmentation into hadrons dominate the particle production procedure. In AB collisions the soft binary and ternary interactions between nucleons are described by a nonrelativistic density-dependent Skyrme potential. In addition, Yukawa, Coulomb, and Pauli (optional) potentials are also used in the model. To ensure full baryon-antibaryon symmetry the collision term in UrQMD includes more than 50 baryon and 45 meson species, and also the antiparticles for each particle species. The justification of using a transport model like UrQMD is that it treats the final freeze-out stage dynamically, does not make any equilibrium assumption, and describes the dynamics of a hadron-gas-like system very well in and out of the thermal and/or chemical equilibrium.
The quantum statistical effects like the BEC between identical bosons are not embedded into the UrQMD code. We mimic the BEC effect numerically in the form of an "after burner"
22 into the UrQMD using its output file. The particle information contained in the UrQMD output test.f19 are restricted only to the mesons, and written in the OSCAR format. Each particle entry in an event contains a serial number, the particle ID, the particle freeze-out 4-momenta (p x , p y , p z , E), the particle mass and the freeze-out 4-coordinates (x, y, z, t). The algorithm described in Ref. 22 goes like this:
1. We choose a meson at random from an event, call it the ith one, and assign a charge "sign", i.e., +, − or 0 to it, irrespective of its original charge sign with weight factors respectively, given by p + = n + /n, p − = n − /n and p 0 = n 0 /n. Here, n + , n − , n 0 are respectively, the number of positive negative and neutral mesons, and n(= n + + n − + n 0 ) is obviously the total number of mesons in that event. The ith meson defines a distinct phase space cell. 2. We calculate the distances between the 4-momenta δ ij (p) = |p i − p j | and the 4-coordinates δ ij (x) = |x i − x j | of the ith meson and all other mesons (indexed by j) that are not yet assigned any charge "sign". 3. We now assign a weight factor
to each jth particle. The weight factor actually characterizes the bunching probability of the particles within a given (ith) cell. 4. We then start generating random numbers r distributed uniformly ∈ (0, +1). If r < P ij , we reassign to the jth meson the same charge "sign" as the ith one. The process is continued until either r exceeds P ij , or until all mesons in the event having the same charge "sign" as the ith one are exhausted.
5. The entire set of operations from 1 to 4 are then repeated for all other mesons for which the charge reassignment has not yet been done. Obviously, the weight factors p ±,0 will now be modified, as some of the particles present in the event are already used up. 6. The above algorithm is repeated until all the mesons belonging to each charge variety present in the event are exhausted.
The UrQMD model provides all pion pairs with
In order to keep the magnitude of P ij below unity, only the pion pairs having space-like separation, newly produced mesons present in the simulated event samples are retained in the output file, which are then passed through the above described charge reassignment algorithm. We then discard the neutral mesons and retain only the charged mesons to determine the eventwise shower track multiplicities. From each minimum bias sample we select such events as to match the experimental shower track multiplicity and η-distributions. The event sample simulated for each projectile is five times as large as that of the experiment. In Figs. 1 and 2 , the UrQMD simulated η-distributions modified by the charge reassignment BEC algorithm are compared with the corresponding experiments. The simulated distributions match the respective experimental distributions reasonably well.
Method of Analysis
Wavelets are mathematical functions that can decompose time series signals into different frequency components so that one can study each component with a resolution matched to its scale. Wavelet analysis can be imagined as an advanced form of Fourier analysis. Whereas the Fourier transform breaks a signal into a series of sinusoidal waves of different frequencies, wavelet transform breaks the signal into its basis wavelets, scaled and shifted versions of the mother wavelet or simply the wavelet. The mother wavelet is chosen according to the properties and pattern of the signal under consideration.
1,2 If ψ(x) is the mother wavelet, then the continuous wavelet transform of a function f (x) is given by
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where the normalization constant is 
For multiparticle data analysis, derivatives of the Gaussian function
are often used as mother wavelets. In particular the second derivative
popularly known as the Mexican hat (MHAT) wavelet, and the fourth derivative are customarily used to analyze multiparticle emission data. In our analysis we consider the g 2 and g 4 as the mother wavelets, the schematics of which are shown in Fig. 3 . The g p (p = 2 and 4) wavelet transform of the f (η) function is then given by,
Results
In this analysis the wavelet g 2 (or g 4 ) spectrum is the wavelet image of the corresponding pseudorapidity distribution. We present the wavelet g 2 pseudorapidity spectra W g2 in Fig. 4 for one 16 O+Ag/Br and one 32 S+Ag/Br interaction, respectively with shower track multiplicity 202 and 276, with the translation parameter b plotted along the horizontal axis and the dilation parameter a plotted along the vertical axis. Here the b values are nothing but the location of particle clusters on the pseudorapidity axis. The value of wavelet coefficient is high where the graylevel scale has a light shade, and it is low where it has a deep shade. Large values of wavelet coefficients signify more number of particles gathered at a particular location. It is observed that for both interactions the information about individual particles are revealed in the small scale range (a < 0.1), whereas at large scale range (a > 0.5) individual information is lost -the particles combine to form a large group. Another outcome of the spectra is that for same scale parameter the wavelet The minima at different pseudorapidity values correspond to disintegration of groups. So, with the help of the wavelet g 2 and g 4 spectra we can examine the particle clusterization at different pseudorapidity locations and at appropriate pseudorapidity resolutions in 16 O+Ag/Br and 32 S+Ag/Br interactions.
The most dominant scale at which the clusters are formed, can be obtained from scalogram, which is defined as
A scalogram reflects some of the characteristic features of an event. As for example, a minimum on it represents the average distance between the particle clusters, while a maximum represents the most compact groups of particles present. Figure 6 shows the scalograms for the same 16 O+Ag/Br and 32 S+Ag/Br events for which the contour plots of W g2 and W g4 coefficients are shown, respectively in Figs. 4 and 5. For each event the experimental result is compared with the corresponding UrQMD+BEC simulation. In each event the maxima are found to occur at scale a < 0.4. In the 16 O+Ag/Br interaction the maxima occur at a ≈ 0.04 and 0.2, whereas the minima occur at a ≈ 0.01 and 0.1. In the 32 S+Ag/Br interaction the maxima occur at a ≈ 0.06 and 0.37, while the minima occur at a ≈ 0.01 and 0.12.
In the studied events simulated data cannot represent the experimental results satisfactorily. As expected, for different events the position and number of maxima and minima are different. Most of the local maxima (minima) are found within a ≈ 0.05-0.5, and in most of the events only a few such maxima (minima) are found. In wavelet analysis g 2 spectrum plays a dominant role to detect the coarse features of the signal, the eventwise pseudorapidity distribution in the present analysis. In Fig. 7 , the g 2 pseudorapidity spectra, respectively for the 16 O+Ag/Br and 32 S+Ag/Br interactions at 200A GeV are schematically represented. The spectra are plotted at four different scales, a = 0.2, 0.3, 0.4 and 0.5 for the entire event samples, and in each diagram for an easy comparison experimental results are plotted along with the UrQMD+BEC generated results. The general features of the spectra are that, at small scale each spectrum fluctuates rapidly, and at large scale they become more regular, the distributions gradually converge to the mother wavelet g 2 . Overall fluctuation for the simulated data sample is small compared to the experimental one, a fact that can clearly be noticed in Fig. 7 at a = 0.2. Simulated data cannot replicate the experimental data, though at a = 0.2 it too Fig. 7(e) . These are the preferred pseudorapidity values where particle clusters are formed, and one can relate them, respectively, to the target fragmentation, the central particle producing, and the projectile fragmentation regions. Within the range b = 0.0-6.0 more or less eight distinct peaks are observed in both the interactions. Two prominent peaks are observed in the central particle producing region at b ≈ 3.0-4.0 for both experiments, which the simulation cannot replicate. In Fig. 3(a) , one can see that, the slopes of the left and the right wing of the mother wavelet g 2 are same. But from Fig. 7 it is evident that the slopes are different in left and right wing for a = 0.5 for both experiments, though the simulated samples show more or less similar behavior as observed in Fig. 3(a) .
To study the genesis of cluster formation from a closer proximity we also have graphically represented the wavelet g 4 pseudorapidity spectra for the 16 O+Ag/Br and 32 S+Ag/Br interactions in Fig. 8 . In each figure the experimental and simulated results are compared. Here we see more rapid fluctuations than the g 2 spectra at same resolution and more or less at the same location of maxima (minima) are observed in the g 2 spectra. In g 4 spectra we see some extra peaks which were not clearly seen in the g 2 wavelet. The other general features of the g 4 wavelet spectra are more or less same as the g 2 wavelet. Maxima in the target fragmentation, the central particle producing, and the projectile fragmentation regions are clearly observed in the wavelet g 4 spectra in both interactions. In this case too the simulated results cannot exactly replicate the experimental results.
The results described above enable us to guess the characteristic scales and the preferred pseudorapidity locations where particle clusters are formed. From the study of scalograms if we want to examine whether the maxima (minima) occurring in individual events have any systematic behavior or they are occurring at random, we need to study the distributions of maxima (minima) for our entire event samples. The pseudorapidity values preferred by the particle clusters are represented by the maxima or by the humps in some cases in the pseudorapidity distributions. This signature is magnified in the distributions of b max , which actually is the pseudorapidity coordinate of the wavelet maxima W g2 (a max , b max ) . We analyze the b max distribution with the help of different choices of a max cut as well as with different scale intervals. In Fig. 11 , such distributions for the 16 O+Ag/Br and 32 S+Ag/Br samples (both experiment and simulation) are graphically presented at different a max cut. It is clear that with increasing a max the fluctuations get reduced and the patterns become smooth, which is in conformity with our previous observation. The peaks however remain at the same position for all the scale intervals. In comparison with the experiment in this case the UrQMD+BEC distributions vary less rapidly in each interaction. We observe two clear peaks at b = 2.91 and 3.8 in 16 O+Ag/Br interaction in Fig. 11 (a) and a single peak at b = 3.47 in 32 S+Ag/Br interaction in Fig. 11(b) , which again are in good agreement with our observations made in Figs. 7(a) and 7(e), respectively for 16 O+Ag/Br and 32 S+Ag/Br interactions at a = 0.2. We may interpret them as the existence of preferred emission angles for the respective interactions. No significant difference in fluctuation is observed between the interactions considered. In Fig. 12 , we plot b max distribution for different scale windows for the experimental and simulated events for both interactions. As expected the fluctuation is more in the scale interval 0.05 ≤ a ≤ 0.1 in all the cases, and reduced fluctuations are observed with increasing a values. As usual less fluctuation is also observed for simulated events. More fluctuations are observed in 16 O+Ag/Br interaction than in 32 S+Ag/Br interaction.
Conclusion
A wavelet analysis of pseudorapidity distributions of shower tracks emanating from 16 O+Ag/Br and 32 S+Ag/Br interactions at an incident energy 200A GeV is presented in this paper. Our primary objective is to show the applicability of the wavelet method in analyzing particle emission data in high-energy AB collisions, and identify some qualitative features and differences thereof between different colliding systems as well between experiment and simulation. The experimental results therefore, are compared with the UrQMD generated event samples. To eliminate the effect of BEC in particle cluster formation, the UrQMD output is modified by a charge reassignment algorithm that mimics BEC. Significant differences between experimental and simulated event samples with larger and somewhat ordered fluctuations observed in both 16 O+Ag/Br and 32 S+Ag/Br experimental data samples.
These differences should be interpreted in terms of certain nontrivial dynamical reason(s), which is (are) not very much clear at this stage of analysis. A detailed and more involved analysis in three-dimensional phase space will perhaps be able to unravel the dynamics of cluster formation. Wavelets provide a powerful statistical tool for an event-by-event analysis of fluctuation patterns in AB collisions.
